This paper revisits the concept of rough paths of inhomogeneous degree of smoothness (geometric Π-rough paths in our terminology) sketched by Lyons [7] . Although geometric Π-rough paths can be treated as p-rough paths for a sufficiently large p and the theory of integration of Lip γ one-forms (γ > p − 1) along geometric p-rough paths (ref.
Introduction
The theory of rough paths due to Lyons [7, 8] enables the definition of a wide class of stochastic differential equations in the path-wise sense. In particular, the rough paths representation of Brownian motion (enhanced or lifted Brownian motion) was considered in [8] , and has been extensively studied by Friz & Victoir [2, 4] and many others. Coutin and Qian [1] proved the existence of a geometric rough path associated with the fractional Brownian motion with Hurst parameter greater than 1/4. A different approximation of the enhanced fractional Brownian motion was studied by Millet and Sanz-Solé [10] . The rough path representation of an even larger class of Gaussian processes has been explored by Friz and Victoir [3, 4] and others. In all these works, the roughness degree of the driving noise is described by a single real number p, and hence it is assumed to be homogeneous in all directions.
In section 1, we revisit the definition of geometric rough paths of inhomogeneous degree of smoothness (geometric Π-rough paths in our terminology) sketched by Lyons [7] . Our sharpened extension theorem of Π-rough paths specifies which terms of the signature of a rough path of inhomogeneous degree of smoothness determine the whole signature. In particular, the extension theorem determines what terms are to be specified in order to lift stochastic processes with mixed components such as Brownian and fractional Brownian components to Π-rough paths.
We note that geometric Π-rough paths can be treated as p-rough paths for a sufficiently large p, and the theory of integration of Lip γ one-forms (γ > p − 1) along geometric p-rough paths (ref. [7, 8] ) could be applied. In section 2, we show that the Lip γ condition on the one-form can be weakened if we exploit the fact that the underlying Π-rough path has components with roughness parameter smaller than p. In particular, we introduce the definition of Lip Γ,Π one-forms. Moreover, as the main result of the paper, we define and prove the existence of integrals of Lip Γ,Π one-forms along Π-rough paths (Theorem 2.3).
In section 3, as a particular application of the main result, we consider differential equations of the form
where X is a geometric Π-rough paths defined on some Banach space V , f : V ⊕ W → L(V, W ) and W is some Banach space. This equation can be rewritten as follows.
wheref : V ⊕ W → L(V, V ⊕ W ) defined bỹ f (v, w)(u) = (u, f (v, w)(u)).
From Lyons' Universal Limit Theorem (ref. [7, 8, 9] ), we know that solution to (2) exists and is unique if f is Lip γ with γ > p. We adapt the proof of [9] , and show the existence and uniqueness of solution for our case under sufficient conditions that are weaker than that is required by Lyons' Universal Limit Theorem in the homogeneous case.
We note that the Π-rough paths form a more general class than the class of (p, q)-rough paths as defined in [6] ; in the case of Π-rough paths, apart from assuming the parameters that specify the roughness in the various directions to be at least 1, we do not make any further restrictions on them.
Moreover, throughout the paper, we assume the spacial structure of the inhomogeneity to be static. However, in general applications, the directions of the inhomogeneity of the driving noise and hence that of the solution may change in time and/or in space. Such applications fall beyond the scope of the paper, although our results might be relevant for them.
Π-rough paths
Throughout in this section, k denotes a fixed positive integer and Π = (p 1 , . . . , p k ) is a real k-tuple, such that p i ≥ 1 is a real number for all i ∈ {1, . . . , k}. Furthermore, let a Banach space V of the form
Definition 1.1. We say that R = (r 1 , . . . , r l ) is a k-multi-index if 1 ≤ r j ≤ k is an integer for all j ∈ {1, . . . , l}. The empty multi-index is denoted by ǫ and the set of all k-multi-indexes of finite length is denoted by A k . Given the multi-index R = (r 1 , . . . , r l ), we define the k-multi-index R− by R− = (r 1 , r 2 , . . . , r l−1 , r l )− = (r 1 , r 2 , . . . , r l−1 ).
The concatenation of the multi-indices R = (r 1 , . . . , r l ) and Q = (q 1 , . . . , q m ) is denoted by R * Q = (r 1 , . . . , r l ) * (q 1 , . . . , q m ) = (r 1 , . . . , r l , q 1 , . . . , q m ). Definition 1.2. For the k-multi-index R = (r 1 , . . . , r l ) we denote the length by R = l. Furthermore, we define the function n j for j ∈ {1, . . . , k} by n j (R) := card{i|r i = j, r i ∈ R}.
We introduce the Π-degree of R as
Note that deg Π (ǫ) = 0. We also introduce the function
where (·)! denote the Γ-function. Let s ≥ 0 be real. We introduce the set of k-multi-indices
Note that S Π is unbounded from above and closed under addition. Also note that since for any 
where V ⊗0 := R. For a k-multi-index R = (r 1 , . . . , r l ), we introduce the notation
In general, for a vector space U = A ⊕ B, π A and π B denote the canonical projection onto A and B respectively, i.e. for u = a + b ∈ U , such that a ∈ A and b ∈ B, π A u = a and π B u = b. We extensively use the projection π V onto the V component of T (V ). Let π R := π V r 1 ⊗···⊗V r l and π T (V i ) for i ∈ {1, . . . , k} denote the canonical projections
Given an element v ∈ V and a multi-index R = (r 1 , . . . , r l ), we introduce the element v R as follows:
The set B Π s defined by
The truncated tensor algebra of order (Π, s) is defined as the quotient algebra
We chose the tensor norms · R for all R ∈ A k to satisfy
We will drop the multi-index from the notation of the norm if it does not result in any ambiguity.
Definition 1.4 (Control function)
. Let T be a positive real and
and for which ω(t, t) = 0 for all t ∈ [0, T ].
Furthermore, X is said to have finite Π variation controlled by ω if there exists a positive β such that
The Extension theorem states that a ∆ T → T (Π,1) (V ) multiplicative functional of finite Π-variation can be uniquely extended to a ∆ T → T (Π,q) (V ) multiplicative functional of finite Π-variation for any positive q. This will allow us to define Π-rough paths as ∆ T → T (Π,1) (V ) multiplicative functionals satisfying certain properties (see Definition 1.6). Theorem 1.1 (Extension theorem of multiplicative functionals of finite Π-variation). Let X : ∆ T → T (Π,1) (V ) be a multiplicative functional of finite Π-variation controlled by ω. Then for every k-multi-
is a multiplicative functional of finite Π-variation controlled by ω in the following sense:
for all R ∈ A k , where
and s m * and s m * +1 are the unique pair of adjacent elements of the ordered S Π for which s m * ≤ 1 < s m * +1 .
A proof of this theorem based on the proof of the extension theorem of p-rough paths (ref. [7] ) is derived in [5] .
Definition 1.6 (Π-rough paths).
A Π-rough path in V is a continuous ∆ T → T (Π,1) (V ) multiplicative functional X with finite Π-variation controlled by some control ω.
The space of Π-rough paths is denoted by Ω Π (V ).
denote the space of all continuous functions from the simplex ∆ T into the truncated tensor algebra T (Π,1) (V ) with finite Π-variation. The Π-variation metric d Π−var on this linear space if defined as follows
The following subset of the space of Π-rough paths is crucial for our further analysis.
Definition 1.8 (Geometric Π-rough path).
A geometric Π-rough path is a Π-rough path which can be expressed as a limit of (1)-rough paths 2 (or smooth rough paths) in the Π-variation distance. The space of geometric Π-rough paths in V is denoted by GΩ Π (V ). Remark 1.1. In the special case, when k = 1 and Π = (p) for some p ≥ 1, we will use the simplified notation: "finite p-variation", "p-rough paths", "d p−var -distance" and "geometric p-rough paths". A direct definitions for these terms can be found in [7] and [9] . Furthermore for a 1-multi index R with length j, we will use the notation π j = π R , and we will write
Integration with respect to Π-rough paths
Lyons [7] introduced integrals of Lip γ one-forms along p-rough paths for γ > p−1. In this section, we introduce Lip Γ,Π one-forms (Definition 2.2) and integrals of Lip Γ,Π one-forms along Π rough paths (Theorem 2.3).
First we define the s-symmetric maps for s ∈ S Π .
Definition 2.1 (s-symmetric maps). Let i be a positive integer and x ∈ V ⊗i . Let x (i) denote the i-symmetric part of x. Let q ∈ (0, ∞], X ∈ T (Π,q) (V ) and s ∈ S Π . Then the s-symmetric part of X is defined as
Now, we can give the definition of Lip Γ,Π one-forms.
. . , p k ) and Γ = (γ 1 , . . . , γ k ) be k-tuples with positive components, and let F be a closed subset of V , W be a Banach space. The function α :
and for each i and s m < γ i (where s m is the m th element in the ordered set S Π ) there exist functions
taking values in the space of s m -symmetric maps satisfying
for all x, y ∈ F and v ∈ V ⊗(Π,sm) , where
In addition to the above definition and for practical reasons we introduce the functions α sm :
Note that α sm takes s m -symmetric linear maps as values. Furthermore we introduce the functions
Remark 2.1. Note that for k = 1, Π = (p) and Γ = (γ) Definition 2.2 simplifies to the classical definition of Lip γ functions (ref. [7] ) for γ =γp, although the notation is slightly different.
Remark 2.2. The above definition can be interpreted as a "decomposition and partial reconstruction" of the classical Lip γ functions. In the classical definition f j (i.e. the j th term in the expansion) is an F → L V ⊗j , L(V, W ) -valued function, which can be decomposed as
In the above definition these f j,R functions are grouped and summed by the degree of R leaving out those that have degree corresponding to multi-index with degree greater than a certain value (γ i ). Similar decomposition and partial reconstruction is done with the remainder terms. Note that the condition (3) on the remainder term are weaker compared to the homogeneous case (k = 1, Π = (p max ), Γ = (γ)).
Remark 2.3. In the special case when all the multi-indices R of degree less than γ i are of the form (j,
is Lip γipj (in the classical sense) with Lipschitz norm uniform in (y 1 , . . . , y j−1 , j j+1 , . . . , j k ). In the case, when 1 pj > γ i , the Lip γipj condition is equivalent to γ i p j -Hölder continuity.
In Theorem 2.3, an integral approximation formula is introduced and we prove the existence of a unique rough path associated with the integral approximating formula. This unique rough path is referred to as the integral of a one-form along a Π-rough path. To prove the existence and uniqueness of the rough path associated with the integral approximating formula we reformulate the problem in terms of almost p-rough paths. 
and for some θ > 1.
Almost rough paths have the crucial property that each one of them determines a rough path in the sense of Theorem 2.1. This property is exploited when we derive the existence and uniqueness of integrals along Π-rough paths.
Theorem 2.1. Let p ≥ 1 be a real number and ω be a control. Let Y : ∆ T → T (⌊p⌋) (V ) be an almost p-rough path with p-variation controlled by ω as in Definition 2.3. Then there exists a unique p-rough path X :
Moreover, there exists a constant K depending only on p,θ and ω(0, T ), such that the supremum is smaller than K, and the p-variation of X is controlled by Kω.
The reader is referred to [7] and [8] for proof. Although it is not required for the main result of this section, Theorem 2.1 can be extended for general k > 1 and k-tuple Π as follows. (i) it has a finite Π-variation controlled by ω:
for all (s, t) ∈ ∆ T and for all multi-index R ∈ A Π 1 . (ii) it is almost-multiplicative, i.e. there exists θ > 1 such that
Then there exists a unique Π-rough path X :
Moreover, there exists a constant K which depends only on Π, θ and ω(0, T ) such that the supremum (5) is smaller than K and the Π-variation of X is controlled by Kω.
The proof of Theorem 2.2 is sketched in [5] and based on the proof of Theorem 2.1 as derived in [9] .
Finally, we can state the main theorem of the section. Then
is an almost p max -rough path,where OS(k 1 , . . . , k n ) denotes the subset of the symmetric group S K for K = k 1 + · · · + k n , such that for all σ ∈ OS(k 1 , . . . , k n ), we have
moreover with a slight abuse of notation for x 1 ⊗ · · · ⊗ x K ∈ V R1 * ··· * Rn and σ ∈ OS( R 1 , . . . , R n ) we define σ( Remark 2.4. In the general case the integral is a p max -rough path in the sense of [7] . However, for special forms of the Lip Γ,Π one-form α, the integral itself is a Π-rough paths. The reader is referred to [5] for examples.
In the remaining part of the section, we present a proof of Theorem 2.3. Equation (6) describes an integral approximating formula projected on W ⊗n . The intuition behind this formula comes from integrals with respect to paths of finite length. In particular, let
Furthermore, let the function
for n = 2, . . . , ⌊p max ⌋. Equation (9) is an adaptation of the results of Section 4.2. of [9] .
Lemma 2.1. If Z : [0, T ] → V is path of finite variation and piece-wise differentiable, then for any
The proof of the lemma is analogous to the proof of Lemma 5.5.2 in [8] .
Lemma 2.2. Let Z : [0, T ] → V be a path of finite variation. Let the map
be defined by equations (8) and (9).
where
with
The proof is based on Lemma 2.1 and the equation (9), and is analogous to the proof of Lemma 5.5.3 in [8] .
Remark 2.5. The equation (9) and Lemmas 2.1 and 2.2 are stated for a smooth rough path Z. However for each of the equalities (10), (9) and (11), both the right-hand side and the left-hand side are continuous in the Π-variation metric. This fact extends the lemmas for geometric Π-rough paths and this is the key to the next proof.
We now prove Theorem 2.3.
Proof of Theorem 2.3: First we prove that
is an almost p max -rough path. Each term in the above sum is of the form
where deg Π (R i −) = s mi . Since such a term is bounded by C 0 α n Lip Γ,Π ω(s, t) n/pmax where C 0 only depends on Γ, Π and ω(0, T ), this implies that condition i) of Definition 2.3 is satisfied.
We prove condition ii) by giving a bound on the norm of
The representation of N n−i s,u,t in the equation (12) implies that there is at least one factor of the form R sm (π V (Z 0,s ) , π V (Z 0,u )). Considering the representation (4) of R sm and the error bound (3) on R sm i , the following bound is implied:
Moreover considering that R sm i (x, y)(u) only acts on elements of V i , there exists a constant C 1 depending only on α Lip Γ,Π , Γ, Π and ω(0, T ) such that
By the choice of Γ, θ := min 1≤i≤k (γ i + (1/p i )) ≥ 1, which implies that there exists a constant C depending only on α Lip Γ,Π , Γ, Π and ω(0, T ) such that
and hence Y is a θ-almost p max -rough path. Arguments analogous to Proposition 4.10 in [9] prove that Y is also a θ-almost p max -rough path and furthermore that the p max -rough associated to Y by Theorem 2.1 coincides with the p max -rough path associated to Y. 
The proof is analogous to the proof of Theorem 4.12. of [9] 3 Differential equations driven by Π-rough paths When stating and proving the slightly generalised version of Lyons' Universal Limit Theorem, we will refer to (linear) images of Π-rough paths in the following sense. We will denote this rough path byf (Z).
We make use of linear images of rough paths and in particular projections of rough paths. E.g. if X is a rough path in Ω Π (V ) then the image of X under the projection π V i will be denoted bŷ
Now we can formally introduce differential equations driven by geometric Π-rough paths. We will say that Z ∈ GΩ Π * (V ⊕ W ) is a solution of the differential equation
ifπ V (Z) = X and
provided the integral (15) is well defined.
In the remainder of the section we give a sufficient condition for the existence and uniqueness of solution to the equation (14). We will assume the existence of the function g ξ :
We introduce the one-forms
where ρ is an arbitrary real number greater than 1 fixed for the remainder of the section.
Theorem 3.1 (Universal Limit Theorem, inhomogeneous case). Let k ≥ 1 be an integer, V and W Banach spaces, such that V = V 1 ⊕· · ·⊕V k for some Banach spaces V 1 , . . . , V k . Let Π = (p 1 , . . . , p k ) denote a k-tuple and X ∈ GΩ Π (V ) be a geometric Π-rough path and ξ an element in W .
Suppose that there exist real numbers γ 1 ,. . . , γ k+3 such that γ i > 1 − 1/p i for i = 1, . . . k and γ k+j > 1 − 1/p max for j = 1, 2, 3, furthermore the functions h 0 , h 1 and h 2 are Lip Γ0,Π0 , Lip Γ1,Π1 and Lip Γ2,Π2 one-forms respectively for
Then the equation
has a unique solution.
The proof of Theorem 3.1 is based on the proof of Lyons' Universal Limit Theorem in [9] . We start with adapting some lemmas used in the original proof. 
. . , p k ) denote a k-tuple, ε > 0, and let ω be a control function. Consider Z = (X, Y) ∈ GΩ Π * Π (V ⊕ V ) and let W ∈ GΩ Π * Π (V ⊕ V ) be the image of Z under the linear map (x, y) → (x, y−x ε ). Assume that the Π * Π-variation of W is controlled by ω. Then there exists a constant C depending only on Π, ω(0, T ) and β, such that
Proof. The claim is equivalent to Lemma 5.6 of [9] adapted to the inhomogeneous smoothness case and the proof is analogous to the proof of the referred lemma. Let R = (r 1 , . . . , r l ) ∈ A Π 1 and (s, t) ∈ ∆ T . First, assuming that Z = (X, Y) ∈ V ⊕ V has bounded variation using the notation introduced in equation (7) and writing Y = X + ε
The assertion is implied by the continuity in the Π * Π-variation topology and by the control on W. (ii) the Π 1 -variation of X =π E (Z) is controlled by ω,
Then, for all 0 ≤ ε ≤ M −s m * , the Π-variation of (X, εY) is controlled by ω, where
Proof. This lemma is analogous to Lemma 5.8 of [9] , adapted to the inhomogeneous smoothness case. Let W ∈ GΩ Π (V ) denote the image of Z under the linear map (x, y) → (x, ǫy). For a multi-index R = (r 1 , · · · , r m ), let |R| F denote the cardinality of the set {r| r ∈ R, r > l}. Then if Z has bounded variation, by simple rescaling arguments we get
By continuity, the last equality holds for general geometric Π-rough path Z. This following inequality is now implied and completes the proof:
Given the one-forms h i , i = 1, 2, 3, we define the following sequences of rough paths Z 0 (0) = (X, 0), and Z 0 (n + 1) = h 0 (Z 0 (n))dh 0 (Z 0 (n)), Z 1 (0) = (X, 0, Y(1)), and Z 1 (n + 1) = h 1 (Z 1 (n))dh 1 (Z 1 (n)), Arguments analogous to the proof of Lemma 3.3 (ref. [9] ) imply that
Now analogously to Lemma 3.4, the Π 2 -variation of Z 3 (n) is controlled by ω on a small enough interval. Then by Lemma 3.1, Y = Y on the same interval. The uniqueness of Y is implied by the uniform continuity of ω. Define I f (X, ξ) = (X, Y). Analogous arguments to the proof of the Universal Limit Theorem in [9] imply that I f is continuous from GΩ Π (V ) × W → GΩ Π0 (V ⊕ W ) in the Π-Π 0 -variation topology.
